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ABSTRACT
Recent observations show that the cooling flows in the central regions of galaxy clusters
are highly suppressed. Observed AGN-induced cavities/bubbles are a leading candi-
date for suppressing cooling, usually via some form of mechanical heating. At the
same time, observed X-ray cavities and synchrotron emission point toward a signifi-
cant non-thermal particle population. Previous studies have focused on the dynamical
effects of cosmic-ray pressure support, but none have built successful models in which
cosmic-ray heating is significant. Here we investigate a new model of AGN heating, in
which the intracluster medium is efficiently heated by cosmic-rays, which are injected
into the ICM through diffusion or the shredding of the bubbles by Rayleigh-Taylor
or Kelvin-Helmholtz instabilities. We include thermal conduction as well. Using nu-
merical simulations, we show that the cooling catastrophe is efficiently suppressed.
The cluster quickly relaxes to a quasi-equilibrium state with a highly reduced accre-
tion rate and temperature and density profiles which match observations. Unlike the
conduction-only case, no fine-tuning of the Spitzer conduction suppression factor f
is needed. The cosmic ray pressure, Pc/Pg ∼< 0.1 and ∇Pc ∼< 0.1ρg, is well within
observational bounds. Cosmic ray heating is a very attractive alternative to mechan-
ical heating, and may become particularly compelling if GLAST detects the γ-ray
signature of cosmic-rays in clusters.
Key words: cooling flows – galaxies: clusters: general – cosmic rays – instabilities –
X-rays: galaxies: clusters
1 INTRODUCTION
Clusters of galaxies contain a large amount of hot diffuse gas
which emits prolifically in thermal X-rays. The X-ray surface
brightness of many galaxy clusters is strongly peaked in the
central regions, where the cooling time is much shorter than
the Hubble time. In the absence of any heating sources, the
radiative cooling due to this emission will induce a subsonic
inflow of gas in order to maintain pressure equilibrium, lead-
ing to substantial dropout of cold gas in the inner regions
of rich clusters. The mass deposition rates at the cooling ra-
dius, where the cooling time equals to the age of the cluster,
were estimated to be as much as several hundred M⊙ yr
−1
in some clusters (see Fabian 1994, for a review). However,
recent high-resolution Chandra and XMM-Newton observa-
tions show that while the temperature is declining toward
the center, there is a remarkable lack of emission lines from
the gas at temperature below about ∼ 1/3 of the ambi-
ent cluster temperature (e.g., Peterson et al. (2001, 2003);
Tamura et al. (2001); for a review see Peterson & Fabian
(2006)). Moreover, the spectroscopically determined mass
⋆ E-mail: johnnie@physics.ucsb.edu
† E-mail: peng@physics.ucsb.edu
deposition rates are about 10 times smaller than the clas-
sic values estimated from X-ray luminosity within the cool-
ing regions (Voigt & Fabian 2004), and thus limited to at
most ∼ few × 10M⊙ yr
−1. These discrepancies suggest that
mass dropout is prevented, or significantly reduced, by heat-
ing sources. Alternatively, the gas cools with line emis-
sion highly suppressed by mixing, inhomogeneous metallic-
ity distributions, differential absorption, or photoionization
(Fabian et al. 2001, 2002; Morris & Fabian 2003; Oh 2004),
though a fully successful model which explains the observa-
tions on such grounds is still lacking.
Many mechanisms for heating the intracluster gas have
been put forth recently, including transport of heat from the
hot outer regions of the cluster by thermal conduction (e.g.
Zakamska & Narayan 2003; Voigt & Fabian 2004) or tur-
bulent mixing (Kim & Narayan 2003b; Dennis & Chandran
2005) and heating by outflows, bubbles or sound waves from
a central active galactic nuclei (e.g., Churazov et al. 2001;
Bru¨ggen & Kaiser 2002; Ruszkowski & Begelman 2002;
Ruszkowski et al. 2004). Recent theoretical and numerical
work (e.g. Narayan & Medvedev 2001; Cho et al. 2003) has
shown that a turbulent magnetic field may not be as efficient
in suppressing thermal conduction as previously thought. In
particular, Narayan & Medvedev (2001) showed that the ef-
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fective thermal conductivity κ in a turbulent MHD medium
is a substantial fraction (∼ 1/5) of the classical Spitzer value
κSp if magnetic turbulence extends over at least two decades
in scale. However, Voigt & Fabian (2004) found that thermal
conduction alone is usually insufficient to heat the gas in the
inner parts of hot clusters and most regions of cool clusters.
Moreover, balancing cooling with thermal conduction alone
is generally globally unstable (e.g. Kim & Narayan 2003a)
and, as we shall see in § 4.3, requires fine-tuning.
On the other hand, heating from a central AGN pro-
vides a self-regulating feedback mechanism, which may play
a key role in halting a cooling catastrophe in the intra-cluster
medium (ICM). Here the cooling flow triggers AGN activ-
ity and heating, which in turn suppresses the cooling catas-
trophe. The flow thus automatically adjusts itself to a low
value of the accretion rate, depending mainly on the feed-
back coefficient (ǫ in eq. [18]), so there is no fine-tuning
problem. Recent observations suggest that active galactic
nuclei (AGNs) at the centers of the clusters may interact
with and substantially heat the ICM. Radio-loud activity
is very common at the centers of cool core clusters (Burns
1990). Recent high-resolution X-ray observations have also
revealed cavities or bubbles having sizes of a few kiloparsecs
in many galaxy clusters (e.g. Bˆırzan et al. 2004).
Such AGN feedback heating models have received a
good deal of attention in recent years. Numerical sim-
ulations of AGN bubbles (and jets, in some cases) in
the ICM have been performed by a number of au-
thors (e.g. Bru¨ggen & Kaiser 2002; Ruszkowski et al. 2004;
Vernaleo & Reynolds 2006; Reynolds et al. 2005). These
simulations usually focus on the heating of the ICM by the
pdV work of the expanding bubbles, viscous dissipation of
emitted sound waves or mixing of the hot bubble plasma
with the ICM. Most simulations assume that these X-ray
cavities are filled with low-density gas at very high temper-
ature (e.g., ∼ 100 keV). However, radio synchrotron and in-
verse Compton emission has been observed from many cav-
ities, suggesting a significant non-thermal component, such
as cosmic rays and magnetic fields, in these cavities. Cos-
mic rays (CRs) can indeed be injected at the tip of a ra-
dio jet, which moves supersonically in the ICM at its initial
momentum-driven phase and forms radio cocoons or bub-
bles at its later stage. A substantial amount of cosmic rays
may then escape from these buoyantly rising bubbles (e.g.
Enßlin 2003) and heat the ICM. X-ray observations (e.g.
Fabian et al. 2006) show that some bubbles do remain sta-
ble even far from cluster centers, but a significant fraction
of the bubble population could be shredded or disrupted as
they rise through the ICM. Indeed, numerical simulations
show that the surfaces of buoyant bubbles are highly suscep-
tible to disruption by Rayleigh-Taylor and Kelvin-Helmholz
instabilities (e.g. Bru¨ggen & Kaiser 2002), unless viscosity
or magnetic fields are invoked to suppress these instabilities
(e.g. Reynolds et al. 2005; Ruszkowski et al. 2007). Hence, it
is of great interest to study the consequences—particularly
the heating effect on the ICM—of cosmic rays leaked or dis-
rupted from radio cocoons or bubbles.
Cosmic rays may also be produced by other processes
near the central AGN. Structure formation shocks, merger
shocks and supernovae may also inject cosmic rays into
the ICM (e.g. Volk et al. 1996; Berezinsky et al. 1997). Di-
rect evidence for the presence of an extensive population of
nonthermal particles in galaxy clusters comes from the ob-
servation of diffuse radio synchrotron emission (e.g., radio
haloes, mini-haloes and relics) in many massive clusters (e.g.
Brunetti et al. 2001; Petrosian 2001; Pfrommer & Enßlin
2004; Feretti 2005); recent Chandra and XMM observations
also show evidence for a significant nonthermal particle pop-
ulation within the ICM (Sanders et al. 2005; Werner et al.
2007; Sanders & Fabian 2007). Cosmic rays have also been
inferred from the excess abundance of 6Li in metal-poor halo
stars, since 6Li could be produced in spallation reactions by
cosmic rays (Nath et al. 2006).
The cosmic-ray heating of the ICM has been
studied by several authors (Boehringer & Morfill
1988; Loewenstein et al. 1991; Rephaeli & Silk 1995;
Colafrancesco et al. 2004; Jubelgas et al. 2006;
Pfrommer et al. 2006). While many studies have found that
cosmic rays could in principle be dynamically important,
none have constructed successful models in which CR
heating prevents a cooling catastrophe. In the steady-state
model of Boehringer & Morfill (1988), a significant cooling
flow (∼ 300M⊙ yr
−1) developed. Loewenstein et al. (1991)
proposed a hydrostatic model where radiative cooling is
fully balanced by hydromagnetic-wave-mediated cosmic-ray
heating and thermal conduction. Their model could not
fit the observational gas density profile; in particular,
they found that the intra-cluster medium would quickly
become CR pressure dominated at a level inconsistent with
observations, long before heating effects become significant.
Rephaeli & Silk (1995) estimated the CR heating rate
from Coulomb collisions alone, which they argued could
be significant, but did not construct a specific model for
the intracluster gas, which could be compared against
observations. Colafrancesco et al. (2004) do construct
semi-analytic models of cluster density and temperature
profiles, which differ significantly from ours: they only
consider Coulomb and hadronic heating; the ICM is not
in thermal equilibrium but evolves strongly as a function
of time1; they do not solve for hydrostatic equilibrium,
and thus their input density profiles ne(r) do not evolve
as the temperature profile T (r) evolves. More recently,
Jubelgas et al. (2006) and Pfrommer et al. (2006) have run
a suite of high-resolution 3D numerical simulations analyz-
ing the role of cosmic rays in clusters; these simulations
represent the most comprehensive and careful treatment
of this problem to date. These authors find that cosmic
ray heating cannot stem a cooling flow; in particular they
find that the increased compressibility (due to the softer
adiabatic index of CRs) can lead to enhanced cooling.
However, as they note, this may be due to the relatively
modest production of CRs in their self-consistent treatment,
where cooling gas gives rise to star formation and hence
supernovae (the source of CRs in their model). Moreover,
they only consider cosmic ray heating through Coulomb
interactions with the ICM, which is much less than the
hydromagnetic-wave mediated cosmic-ray heating in our
models. The inclusion of AGN-mediated CR production
1 This may be hard to reconcile with observational evidence that
the temperature profiles of the intracluster gas are well described
by an approximately universal mathematical function across a
range in redshift (Allen et al. 2001).
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and hydromagnetic wave mediated cosmic-ray heating
could significantly alter this picture.
In contrast to previous work, we find that it is indeed
possible to construct models in which cosmic-ray heating
strongly suppresses the cooling flow. Although our results
are generic, we choose the typical cool core cluster Abell
2199 as our fiducial model. By using 1D numerical hydro-
dynamic simulations, we demonstrate that, starting from
a state far from thermal equilibrium (isothermal tempera-
ture profile), the cluster will relax to a stable steady quasi-
equilibrium state, in which the accretion rate is highly re-
duced and the temperature and density profiles are con-
sistent with observations. We take the relevant cosmic ray
physics into account: various CR energy loss mechanisms,
heating of the ICM by cosmic rays, cosmic ray pressure sup-
port, and cosmic ray transport (advection and diffusion, see
§ 2.2). We also incorporate a moderate level of thermal con-
duction into our models. As our simulations show, thermal
conduction delays the onset of the cooling catastrophe dur-
ing the early stages of the ICM evolution, while the feedback
heating by cosmic rays suppresses the cooling catastrophe
quickly after it starts.
The remainder of this paper is organized as follows. In
§ 2 we describe cosmic-ray heating mechanisms and some
physical assumptions we made in our models. In § 3 we write
down the relevant differential equations of the intracluster
medium. In § 4, we present the results of a series of numeri-
cal hydrodynamic simulations that investigate the evolution
of the ICM, starting from isothermal hydrostatic equilib-
rium. We conclude with a summary of our results in § 5.
The derivation of the time-dependent cosmic-ray equations
is presented in the Appendix. In computing luminosity and
angular diameter distances, we have rescaled observational
results if the original paper used a different cosmology to
the values Ωm = 0.3, ΩΛ = 0.7, h = 0.7.
2 COSMIC RAY PHYSICS IN CLUSTERS OF
GALAXIES
2.1 Cosmic-ray heating mechanisms
In this subsection, we quantify various cosmic ray energy loss
mechanisms in clusters of galaxies, and their heating effects.
For simplicity, we only consider relativistic protons in cosmic
rays. Relativistic electrons are generally insufficient to heat
the intracluster gas (Rephaeli 1987).
2.1.1 Hydromagnetic waves
The significance of the resonant interaction of cosmic rays
with hydromagnetic waves has been recognized and dis-
cussed by many authors in various astrophysical contexts
(e.g., Melrose (1968); Skilling (1971); Blandford & Ostriker
(1978); Loewenstein et al. (1991); Brunetti et al. (2004)).
During wave-particle resonance, the waves may be damped
or grow exponentially, depending on the cosmic ray dis-
tribution function (see Melrose (1968); Kulsrud (2005),
Chap. 12). If the distribution function of cosmic rays
is sufficiently anisotropic due to their streaming motion
(driven by the cosmic-ray pressure gradient; see Kulsrud
(2005), Chap. 12.6) with a streaming speed in excess of
the local Alfve´n speed, they will render “forward” Alfve´n
waves propagating along the magnetic lines in the direc-
tion of the streaming unstable, while backward Alfve´n waves
are damped (Kulsrud (2005), Chap. 12; see also Lerche
(1967), Kulsrud & Pearce (1969)). During this quasi-linear
cyclotron resonance (here also called the cosmic ray stream-
ing instability), forward (and nearly forward) Alfve´n waves
grow fastest (e.g. Kulsrud & Pearce 1969), scatter the cos-
mic rays and reduce the cosmic-ray streaming speed to
around the Alfve´n speed (e.g. Skilling 1971). Cosmic rays
are thus advected with these waves as scattering centers.
These unstable Alfve´n waves grow exponentially un-
til saturated by nonlinear processes, e.g., nonlinear Lan-
dau damping (see Lee & Vo¨lk (1973); Cesarsky & Kulsrud
(1981); Voelk et al. (1984); Kulsrud (2005), Chap. 11.5) and
are thus dissipated efficiently in the ionized thermal gas.
Note that the decay of a forward Alfve´n wave to a back-
ward Alfve´n wave and a forward sound wave is forbidden
in the ICM where the sound speed cs is usually larger than
the Alfve´n speed vA (the requirement for the wave decay
is vA > cs; see Kulsrud (2005), Chap. 11.4 and Skilling
(1975b)). Therefore, momentum and energy are transferred
from relativistic protons to the waves and hence to the
intracluster medium at the rates (per volume) |∇Pc| and
−(u + vA) ·∇ Pc, respectively (see Appendix A for the de-
tails; also see Wentzel (1971)), where Pc is the cosmic-ray
pressure, u is the bulk velocity of the thermal plasma and
vA is the propagation velocity of the hydromagnetic waves
relative to the plasma, which is equal to the local Alfve´n
velocity of the gas. The energy gained from the cosmic rays
can accelerate and heat the gas (Wentzel 1971). The in-
crease in gas kinetic energy due to the work done by the CR
pressure gradient is obviously −u ·∇ Pc. Thus the cosmic-
ray heating rate of the ICM due to the dissipation of hy-
dromagnetic waves (hereinafter designated as “cosmic-ray
wave heating”) is (Wentzel 1971; Boehringer & Morfill 1988;
Loewenstein et al. 1991)
Γwave = −vA ·∇ Pc. (1)
We note that only Alfve´n waves self-excited by the
cosmic-ray streaming instability are considered in this pa-
per. In reality, the MHD waves and turbulence in galaxy
clusters may be much more complex. The MHD turbulence
driven by cluster mergers may reaccelerate cosmic rays,
which has been studied by many authors to explain radio
halos and hard X-ray tails in some galaxy clusters (e.g.
Petrosian 2001; Brunetti et al. 2004; Brunetti & Lazarian
2007). These models usually assume an isotropic, homoge-
neous cosmic-ray phase space distribution function fp(p, t),
and the cosmic rays are generally reaccelerated through the
wave-particle resonance as long as ∂fp/∂p < 0 (the waves
grow exponentially if ∂fp/∂p > 0; see, e.g., Melrose (1968)).
In our model, the cosmic rays are mainly injected into the
ICM by the central AGN and the cosmic ray pressure gradi-
ent is strong. In this case, the cosmic-ray streaming along the
CR pressure gradient is significant, and the forward Alfve´n
waves self-excited by the cosmic-ray streaming instability
should be the main MHD waves responsible for the cosmic-
ray scattering (see Chandran 2000). Note that cosmic ray
streaming also depends on the details of the CR scattering
off the small-scale MHD turbulence in the ICM. The details
c© 0000 RAS, MNRAS 000, 000–000
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of the latter is still poorly understood at this point, and
further observational and theoretical work is needed.
It is worth noting, not only the “drifted” cosmic-
ray distributions, but also prolate (pz > p⊥) or oblate
(pz < p⊥) CR distributions may generate Alfve´n waves
through cyclotron resonance (see Kulsrud (2005), Chap.
12.3). Lazarian & Beresnyak (2006) recently proposed a new
model for the generation of small-scale Alfve´n waves through
cyclotron resonance, where the prolate or oblate distribu-
tions of cosmic rays are driven by turbulent compressions of
magnetic field.
2.1.2 Coulomb interactions
The relativistic protons can transfer energy to the gas via
Coulomb collisions with the ambient ionized gas. The heat-
ing rate due to Coulomb interactions of a fully ionized gas
with a cosmic-ray particle with charge Ze, velocity v = βc
and kinetic energy E is give by (Mannheim & Schlickeiser
1994)
−
„
dE
dt
«
C
= 4.96 × 10−19Z2
“ ne
cm−3
” β2
β3 + x3m
ergs s−1 ,
(2)
where xm = 0.0286(T/2× 10
6K)1/2, T and ne are the ambi-
ent electron temperature and number density. For simplicity,
we neglect xm in our calculations, which is a good approxi-
mation for β > 0.15 (i.e. E & 10 MeV) for a typical cluster
temperature T ∼ 5 keV.
2.1.3 Hadronic collisions
The cosmic-ray protons interact hadronically with the am-
bient thermal gas and produce mainly π+, π−, π0, pro-
vided their kinetic energy exceeds the threshold Ethr = 282
MeV for the reaction. The neutral pions decay after a
mean lifetime of 9 × 10−17 s into γ-rays (π0 → 2γ), which
may be detected by γ-ray observations with imaging at-
mospheric Cherenkov telescopes or the GLAST satellite2.
One may thus test our model with the future observation of
these π0-decay induced γ-rays from galaxy clusters (e.g., see
Hinton & Domainko 2007). The charged pions decay into e±
and neutrinos (π± → µ± + νµ/νµ → e
± + νe/νe + νµ + νµ).
Since the limiting value of the inelasticity of these hadronic
collisions is roughly 1/2 (Mannheim & Schlickeiser 1994),
the energy loss rate of a cosmic-ray proton due to pion pro-
duction is approximately (Enßlin et al. 2006)„
dE
dt
«
h
≈ −0.5nNσppβcEθ(E − Ethr), (3)
where nN = ne/(1 −
1
2
Y ) is the target nucleon density in
the ICM, Y is the helium fraction, and σpp is the pp cross
section for the incident proton. We adopt an approximate
value for σpp (σpp ≈ 37.2 mbarn) by using equation (69) of
Enßlin et al. (2006) and assuming that the spectral index of
the π0-decay induced γ-ray spectrum is 2.5.
To estimate the total energy loss rate of CRs due to
2 Gamma-ray Large Array Space Telescope (GLAST), homepage
http://glast.gsfc.nasa.gov/
Coulomb interactions and hadronic collisions, we need to de-
termine the cosmic-ray energy spectrum. Galactic CR obser-
vations and many CR acceleration models suggest that the
CR spectrum is a power-law in momentum (see Schlickeiser
2002, for a review). However, in low energy regimes, the en-
ergy losses of cosmic rays are dominated by Coulomb inter-
actions, which substantially flatten the spectrum. Similar to
Enßlin et al. (2006), we derive an approximate steady-state
CR spectrum to estimate the total Coulomb and hadronic
loss rates. Assuming that the cosmic rays are injected con-
tinuously and subject to energy losses through Coulomb and
hadronic collisions, the cosmic ray spectrum in a homoge-
neous environment follows the evolution equation:
∂fE(E, t)
∂t
+
∂
∂E
„
fE(E, t)
dE
dt
«
= QE(E) , (4)
where the cosmic-ray spectrum fE(E, t) is defined as
fE(E, t) =
dN
dE dV
= 4πp2fp(x,p, t)
dp
dE
, (5)
and
dE
dt
=
„
dE
dt
«
C
+
„
dE
dt
«
h
(6)
is the energy loss rate due to Coulomb and hadronic colli-
sions. For simplicity, here the cosmic-ray phase space dis-
tribution function fp(x,p, t) is assumed to be isotropic in
momentum space and we approximate hadronic losses as
continuous, rather than impulsive. Assuming that the CR
injection spectrum is a power law in momentum, i.e.
Qp(p) ∝ p
−αθ(p− pl), (7)
where θ(x) is the Heaviside step function and pl is the
momentum cutoff, we can get the CR injection spectrum
QE(E):
QE(E) ∝ (E +E0)[E(E + 2E0)]
−(α+1)/2θ(E − El) , (8)
where El is the energy cutoff and E0 = 938 MeV is the pro-
ton rest energy. We find the asymptotic steady-state spec-
trum by assuming negligible hadronic and Coulomb losses
in the low and high energy regimes, respectively:
fE(E) = Acr
(
(E/E∗)
−α for E ≫ E∗,
(E/E∗)
−(α−2)/2 for El < E ≪ E∗,
(9)
where Acr is the normalization factor which can be deter-
mined in terms of the energy density (Ec) of cosmic rays,
and the cross-over energy E∗ ≈ 706 MeV depends on the
ratio of the Coulomb to hadronic loss rates. We note that
a similar asymptotic stationary CR spectrum has also been
derived by Brunetti et al. (2004) and Enßlin et al. (2006).
We adopt a simple analytic approximation for the steady-
state CR spectrum with the same asymptotic behaviors:
fE(E) =
Acrθ(E − El)
(E/E∗)α + (E/E∗)(α−2)/2
. (10)
Using the approximate steady-state spectrum (eq. [10]),
we get the overall Coulomb loss rate of cosmic rays
ΓC =
Z
El
fE(E)
„
dE
dt
«
C
dE
= −1.65 × 10−16
“ ne
cm−3
”„ Ec
ergs cm−3
«
ergs s−1 cm−3 ,
(11)
c© 0000 RAS, MNRAS 000, 000–000
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where Ec is the energy density in cosmic rays, and we adopt
α = 2.5 and El = 10 MeV. The loss rate ΓC depends slightly
on the value of El, but not very sensitively, since in the low
energy regimes fE(E) is quite flat (i.e., the CR spectral in-
dex, (α−2)/2, is quite small). Similarly, the overall hadronic
loss rate per volume is
Γh =
Z
Ethr
fE(E)
„
dE
dt
«
h
dE
= −5.86× 10−16
“ ne
cm−3
”„ Ec
ergs cm−3
«
ergs s−1 cm−3 .
(12)
We note that CR Coulomb losses are usually sub-dominant
with respect to hadronic losses if we use the stationary CR
spectrum (eq. [10]) with α . 3.7 to calculate the CR energy
loss rates. For higher values of α or using the CR injection
spectrum (eq. [7] with α & 2) instead of the stationary spec-
trum, Coulomb losses usually dominate.
Therefore, the total cosmic-ray energy loss rate due
to Coulomb and hadronic collisions is Γloss = Γh + ΓC =
−ζcneEc where ζc = 7.51 × 10
−16 cm3 s−1 is the rate coef-
ficient for collisional energy loss of the cosmic rays. While
the CR energy lost in Coulomb interactions heats the ICM,
most of the CR energy lost in hadronic collisions tends to
escape via gamma rays and neutrinos. During hadronic colli-
sions, a small fraction (∼ 1/6, see Mannheim & Schlickeiser
(1994)) of the inelastic energy goes into secondary electrons.
While the cooling of high-energy electrons (γ & 103) is dom-
inated by synchrotron and inverse Compton losses, most
of the mildly relativistic (γ . 200) electrons will heat the
ICM by Coulomb interactions with the plasma electrons and
through plasma oscillations and excitation of Alfve´n waves
(e.g. Rephaeli 1979). Since the spectrum of secondary elec-
trons is dominated by mildly relativistic electrons, here we
assume that these secondary electrons lose most of their en-
ergy through thermalization and thus heat the ICM. There-
fore, the ICM is heated by cosmic rays through Coulomb
and hadronic collisions (hereinafter designated as “CR col-
lisional heating”) at a rate of Γcoll = −ΓC−Γh/6 = ηcneEc,
where ηc = 2.63 × 10
−16 cm3 s−1.
Note that the real CR spectrum in galaxy clusters may
differ substantially with our simple steady state spectrum,
since our calculation neglects the influence of CR transport
and energy losses due to the generation of hydromagnetic
waves. The detailed shape of the spectrum has relatively
little impact on hadronic losses. The Coulomb heating rate
does depend on the CR spectrum, but even if these effects
are included, the CR spectrum is still strongly flattened
at low energies due to strong Coulomb losses. The heating
rate from the steady-state CR spectrum (which is quickly
reached since tCoulomb ≪ tcluster at low energies) is an order
of magnitude less than the heating rate calculated from the
injection spectrum (e.g., equation (3) in Nath et al. (2006)),
which is only a short transient. As shown in § 4.4, CR col-
lisional heating (ηc = 2.63 × 10
−16 cm3 s−1), is negligible
comparing to CR wave heating. Thus, our results should
not change appreciably if a new collisional heating rate cal-
culated with a more realistic CR spectrum is used instead.
2.2 Cosmic-ray propagation and assumptions
In our models, cosmic rays are assumed to be primarily in-
jected into the ICM by AGN-produced radio cocoons or bub-
bles. Cosmic rays then propagate along the magnetic field
lines, which, for simplicity, are assumed to be mainly radial
on a large scale. Such a magnetic field structure could be
created by the bubbles themselves: magnetic fields stretch
out behind the bubble and become approximately parallel
to the (radial) direction of motion (Ruszkowski et al. 2007).
Cosmic rays can thus be viewed as streaming radially on a
large scale. If so, cosmic ray propagation can be described
approximately by a simplified one-dimensional model with
spherical symmetry. In the future, it will be interesting to
consider more realistic 3D hydromagnetic simulations, which
(among other effects) could potentially take into account the
effects of cross-field diffusion of CRs.
The time-dependent cosmic-ray equations governing
CR transport and CR energy loss due to the generation of
Alfve´n waves are derived in Appendix A. As shown in the
previous subsection, cosmic rays in the ICM can also lose
their energy through Coulomb and hadronic collisions with
the ambient thermal gas, at a rate Γloss = ζcneEc. Taking
CR collisional losses into account, the net CR source func-
tion Q¯ in equation (A15) may be written as Q¯ = Qc−ζcneEc,
where Qc is the source (injection) function of cosmic-ray en-
ergy.
Assuming spherical symmetry, the CR energy equation
(A15) may be rewritten as
∂Ec
∂t
= (γc−1)(u+vA)
∂Ec
∂r
−ζcneEc−
1
r2
∂(r2Fc)
∂r
+Qc, (13)
where u is the radial velocity of the thermal plasma, vA is
the local Alfve´n speed of the thermal gas, Fc is the cosmic-
ray energy flux, and γc = 4/3 is the adiabatic index for the
cosmic rays. The cosmic-ray energy flux Fc is (see eq. [A14])
Fc = γc(u+ vA)Ec − κc
∂Ec
∂r
, (14)
where κc is the diffusion coefficient of cosmic rays. The two
terms in equation (14) clearly represent the spread of cosmic
rays by advection and diffusion respectively.
Magnetic fields in the ICM have been measured us-
ing a variety of techniques, such as Faraday rotation mea-
surements and studies of synchrotron radiation and inverse
Compton X-ray emission (see Carilli & Taylor 2002, for a
review). These measurements imply that the ICM of most
clusters is substantially magnetized, with a typical field
strength of order 1 µG with high areal filling factors out to
Mpc radii. In the cores of cool core clusters, these measure-
ments also suggest that magnetic field strength is typically
much higher, up to 10s of µG (e.g. Allen et al. 2001).
The magnetic field is usually not uniform and its distri-
bution in galaxy clusters is still far from clear. For definite-
ness, similar to Jubelgas et al. (2006), we assume that the
magnetic pressure (PB = B
2/(8π)) is a fixed fraction of the
thermal pressure (Pg), which corresponds to
B ∝ n1/2e T
1/2. (15)
In the rest of this paper, we assume that PB/Pg = 0.06,
which corresponds to B ∼ 10 − 20 µG in the central re-
gions of the cluster in the final steady state. Such magnetic
field amplitudes have been found in the cores of cool core
c© 0000 RAS, MNRAS 000, 000–000
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clusters through the analysis of Faraday Rotation measure
(RM) maps (e.g. Vogt & Enßlin 2003). We neglect pressure
support from magnetic fields, since this small level of mag-
netic field pressure will not substantially change our main
results. We also neglect the pressure of the hydromagnetic
waves, which should at most be comparable to the pressure
of the main field.
The diffusion coefficient of cosmic rays in the intra-
cluster medium, which depends on the frequecy of pitch-
angle scattering and the cosmic-ray momentum spectrum,
is highly uncertain and may vary substantially between dif-
ferent parts of galaxy clusters. For definiteness, here we fol-
low a simple treatment given by Jubelgas et al. (2006) and
discuss the dependence of our model on radial profiles of κc
in § 4.4. In Kolmogorov-like MHD turbulence, the parallel
diffusivity is expected to scale as (Enßlin 2003)
κc ∝ l
2/3
B B
−1/3, (16)
where lB gives a characteristic length scale for the magnetic
field of strength B. Here we have ignored the weak depen-
dence of κc on the cosmic-ray energy distribution. lB is fairly
unknown in galaxy clusters. For definiteness, we assume that
lB scales with the local Jeans length (Jubelgas et al. 2006),
and thus obtain:
κc = κ0
“ ne
0.12 cm−3
”−1/2„ T
1.6 keV
«1/6
cm2 s−1, (17)
where we fixed the normalization κ0 by assuming that
κc at the center of the fiducial cluster Abell 2199 equals
to the estimated diffusion coefficient along the magnetic
field lines in the interstellar medium of our own Galaxy:
κ0 = κc, ISM ≈ 3 × 10
28 cm2 s−1 (Berezinskii et al. 1990).
The values of ne(rmin) = 0.12 cm
−3 and T (rmin) = 1.6 keV
at the inner boundary rmin = 1 kpc are obtained di-
rectly from Chandra observations of the cluster Abell 2199
(Johnstone et al. 2002). Obviously, this estimate is highly
uncertain, but it is consistent with the approximate bound
of κc ∼< 7.5 × 10
29r2lobe,5t
−1
lobe,7 cm
2 s−1 required for large
cavities of radii rlobe ∼ 5rlobe,5 kpc to remain stable to the
diffusion of cosmic rays in time tlobe ∼ 10
7tlobe,7 yr, as re-
quired by observations (Mathews & Brighenti 2007), as well
as theoretical estimates (Enßlin 2003).
2.3 Injection of cosmic rays by a central AGN
The injection of CRs is specified by the cosmic-ray source
function Qc, which depends on the spatial profile of CR in-
jection from AGN activity, supernovae, structure formation
shocks and merger shocks. The form of Qc is far from clear.
In this paper, we only consider CR injection from the cen-
tral AGN in clusters, via jet-ICM interactions, which create
buoyant bubbles filled with cosmic rays. When the bubbles
rise, they inject cosmic rays into the ICM through diffu-
sion or the shredding of the bubbles by Rayleigh-Taylor
(RT) and Kelvin-Helmholtz (KH) instabilities. This is an
efficient means of transporting cosmic rays from the AGN
out to large distances: the buoyancy timescale is typically
comparable to (at most several times) the sound crossing
time tsc ∼ 10
8r100c
−1
s,1000yr for a radius r ∼ 100r100 kpc
and sound speed cs ∼ 1000cs,1000 km s
−1 (e.g., see table 3 in
Bˆırzan et al. (2004)), whereas the CR diffusion time along
field lines is tdiffusion ∼ 3× 10
11r2100κ
−1
c,28yr (where the diffu-
sivity κc ∼ 10
28κc,28 cm
2 s−1), too long to affect the ther-
mal state of gas at the cooling radius. Efficient advection of
cosmic rays decreases this timescale by about an order of
magnitude (see §4.4), still too slow. Bubble transport is a
key ingredient of our model: if excluded, cosmic-ray trans-
port is too slow to allow significant heating (e.g., models of
Boehringer & Morfill (1988)).
AGN activity is likely to be intermittent on a timescale
of order the Salpeter time tS ∼ 10
7 yr, and possibly as short
as ti ∼ 10
4 − 105 yr (Ruszkowski & Begelman (2002), here-
after RB02; Reynolds & Begelman (1997)), which is much
shorter than the bubble rising time. Note that the bubble
rise time is usually much shorter than the gas cooling time
(RB02). It is thus justifiable to assume that the CR injection
into the ICM from the buoyant bubbles, which are produced
by a succession of AGN outbursts, can be treated in a time-
averaged sense. Since CR transport timescales are much
shorter than thermal timescales, we assume that the cosmic
rays are injected into the ICM instantaneously and neglect
any delay between central AGN activity and the cosmic-ray
injection (similar to instantaneous AGN mechanical heating
models, e.g., RB02, Brighenti & Mathews (2003)).
The rate at which bubbles are disrupted is highly
uncertain, since the nature of the physical mechanism
which protects them from RT and KH instabilities—
perhaps an ordered magnetic field at the bubble sur-
face, or thermal conduction/plasma viscosity (Kaiser et al.
2005; Reynolds et al. 2005), or even the initial decelera-
tion and drag on the bubble-ICM interface during inflation
(Pizzolato & Soker 2006)–is not well understood. Likewise,
the diffusion rate of CRs out of the bubbles is highly uncer-
tain, particularly given the unknown magnetic field topol-
ogy at the bubble interface (see Ruszkowski et al. 2007, for
recent simulations). Nonetheless, the observational fact re-
mains that bubbles are seen to survive intact to large radii
(with an average projected radius of ∼ 20 kpc in a sample of
16 clusters (Bˆırzan et al. 2004)). We hence parametrize our
ignorance of the bubble disruption rate by simply assum-
ing that the spherically integrated CR energy flux in the
buoyant bubbles is a power law with radius:
Lbubble ∼ −ǫM˙inc
2
„
r
r0
«−ν
for r > r0, (18)
where ǫ is the efficiency with which the rest-mass energy
of the ICM cooling flow is converted into the cosmic-ray
energy in the bubbles, M˙in is the mass accretion rate across
the inner boundary of the simulation, c is the speed of light,
ν is a positive constant, and r0 is a characteristic radius
where the bubbles are created. The decline of Lbubble with
radius reflects the transfer of CRs to the ICM. In particular,
the cosmic-ray energy injection rate into the ICM per unit
volume is given by:
Qc = −∇·Fbubble ∼ −
1
4πr2
∂Lbubble
∂r
h
1− e−(r/r0)
2
i
∼ −
νǫM˙inc
2
4πr30
„
r
r0
«−3−ν h
1− e−(r/r0)
2
i
, (19)
where Fbubble = Lbubble/(4πr
2), and we have introduced an
inner injection cutoff term, which reflects the finite radius
r ∼ r0 at which bubbles are injected; it is very similar to the
AGN heating cutoff term in RB02. Here r0 was taken to be
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20 kpc. Inclusion of this term allows us to apply equation
(19) at all radii in our simulations.
Besides CR injection into the ICM, bubbles also lose
energy by expansion as they rise. Therefore, strictly speak-
ing, Lbubble defined in equation (18) is only a means of
parametrizing the spatial distribution of the CR injection
rate (eq. [19]), and is generally different from the total en-
ergy flux of cosmic rays. We can include the PdV work from
bubble expansion in equation (18):
Lbubble ∼ −M˙inc
2
"
ǫ
„
r
r0
«−ν
+ Fpdv
#
for r > r0. (20)
As before, the first term on the right-hand side of equation
(20) represents the cosmic-ray injection into the ICM, while
the second term Fpdv represents the PdV work done on the
ICM during the bubble expansion. The AGN feedback effi-
ciency ǫtot is:
ǫtot ∼ −
Lbubble(r0)
M˙inc2
. (21)
If the bubble is nearly in pressure equilibrium with the ICM,
Fpdv satisfies the equation:
(γc − 1)Pg
d
dr
»
ǫ(r/r0)
−ν + Fpdv
Pg
–
= −
dFpdv
dr
. (22)
If we further assume that Pg scales approximately with r
−τ
(τ > 0), the solution of equation (22) is:
Fpdv ∼ (ǫtot − ǫ)
„
r
r0
«−τ/ω
+ G(r), (23)
where ω = γc/(γc − 1), and
G(r) =
8><
>:
ǫ(τ−ν)
ων−τ
»“
r
r0
”−ν
−
“
r
r0
”−τ/ω–
if ν 6= τ
ω
− ǫτ(ω−1)
ω2
“
r
r0
”−τ/ω
ln
“
r
r0
”
if ν = τ
ω
.
(24)
The AGN mechanical heating model of RB02 assumes
no cosmic ray leakage from the bubbles and finds that Fpdv
scales with P
(γc−1)/γc
g , which is the solution of equation (22)
when ǫ = 0. On the other hand, in this paper, we consider
the heating of the ICM by the cosmic rays leaked from these
AGN-produced bubbles, and assume that ǫ ∼ ǫtot. In this
case, the effect of the bubble expansion or contraction is de-
scribed by the variation of G(r) with radius. For 0 < ν < τ ,
G(r) first decreases and then increases with radius, which
means that the bubble expands first and contracts later. For
ν > τ , the bubble contracts first and expands later. We are
not interested in the models with high values of ν (ν & 1.0),
where the cosmic rays are essentially dispersed into the ICM
at the cluster center. When ν is very small (ν ∼< 0.1), the
CR injection is less important and the bubble PdV work
(the model of RB02) dominates. In this paper, we are in-
terested in the models with a moderate level of the bubble
disruption (0.1 ∼< ν ∼< 1.0), where the CR injection into the
ICM dominates and hence the CR heating of the ICM may
be significant. Figure 1 shows the ratio of the bubble PdV
work rate to the CR injection rate for different values of
ν and τ (τ ∼ 0.5 − 1.0 in the central regions of the clus-
ter Abell 2199). As can be clearly seen, bubble expansion is
subdominant for ν = 0.3 or 0.7, and becomes comparable to
the cosmic ray injection only for very flat disruption profiles,
Figure 1. The ratio of the bubble PdV work rate to the CR
injection rate, plotted as a function of radius (γc is taken to be
4/3). For each line type, the upper line (green) corresponds to
τ = 1, while the lower one (black) corresponds to τ = 0.5. Note
that, in the central regions of the cluster, the bubble expansion
is less important for smaller values of τ . A positive value of the
PdV work rate means that the bubble expands, while a negative
value corresponds to the bubble contraction.
ν = 0.1, reverting to the case studied by RB02. Hence, we
shall neglect bubble expansion in this paper.
The cosmic ray injection described by equations (18)
and (19) is obviously simplified, and would be worth refin-
ing in more detail once more is known both observationally
and theoretically about bubble disruption. Nonetheless, our
model should be relatively robust to the details of the bub-
ble disruption profile. For instance, as we show in § 4.4, our
model is very robust to the value of the model parameters
(i.e., no fine-tuning of the model parameters ǫ, ν needed).
3 BASIC EQUATIONS
In our spherically symmetric model of galaxy clusters, the
dark matter distribution is given by a Navarro-Frenk-White
(NFW) profile (Navarro, Frenk & White 1997):
ρDM(r) =
M0/2π
r(r + rs)2
, (25)
where rs is the standard scale radius of the NFW profile and
M0 is a characteristic mass.
In this paper, we will take the cooling flow cluster
Abell 2199 as our fiducial model to study cosmic-ray heat-
ing in galaxy clusters. For this cluster, the parameters of
the NFW profile are M0 = 3.8 × 10
14 M⊙, rs = 390 kpc
(Zakamska & Narayan 2003). Since we are interested in the
cluster within the cooling radius, the central cD galaxy
NGC 6166 may be dynamically important as well. We adopt
a King profile with core radius and one-dimensional ve-
locity dispersion of rg = 2.83 kpc and σ = 200 km s
−1,
respectively, for the density distribution of NGC 6166
(Kelson et al. 2002):
ρcD(r) =
ρ0
[1 + (r/rg)2]3/2
, (26)
where ρ0 is the central density,
ρ0 =
9σ2
4πGr2g
. (27)
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The intracluster medium is subject to radiative cooling,
thermal conduction and cosmic-ray heating. The governing
hydrodynamic equations are
∂ρ
∂t
+∇·(ρu) = 0 , (28)
∂S
∂t
+∇·(Su) = −∇Pg −∇Pc − ρ∇Φ , (29)
∂Eg
∂t
+∇·(Egu) =− Pg∇ · u −∇ · F − n
2
eΛ(T ) + ηcneEc
− vA ·∇ Pc , (30)
where ρ is the gas density, Pg is the gas pressure, Eg is the
gas energy density, S = ρu is the gas momentum vector,
Pc = (γc − 1)Ec is the cosmic-ray pressure and Φ is the
gravitational potential, which is obtained by solving Pois-
son’s equation:
∇2Φ = 4πG(ρDM + ρcD), (31)
where we have neglected the self-gravity of the intracluster
medium (ICM). Hence, Φ can be written as Φ = ΦDM+ΦcD,
where
ΦDM = −
2GM0
rs
ln(1 + r/rs)
r/rs
(32)
is the cluster dark matter potential and
ΦcD = −4πGρ0r
2
g
ln(r/rg +
p
1 + (r/rg)2)
r/rg
(33)
is the gravitational potential contributed by the central cD
galaxy. In our spherically symmetric model, we define the
gravitation acceleration g = dΦ/dr.
We adopt the ideal gas law,
Pg =
ρkBT
µmµ
=
µe
µ
nekBT , (34)
where kB is Boltzmann’s constant, mµ is the atomic mass
unit, and µ and µe are the mean molecular weight per ther-
mal particle and per electron, respectively. We assume that
the gas is fully ionized with hydrogen fraction X = 0.7
and helium fraction Y = 0.28 (Zakamska & Narayan 2003),
so that µ = 0.62 and µe = 1.18. We use an analytic fit
(Tozzi & Norman 2001) to the cooling function based on
calculations by Sutherland & Dopita (1993),
n2eΛ(T ) =1.0× 10
−22
"
C1
„
kBT
keV
«δ1
+ C2
„
kBT
keV
«δ2
+ C3
#
×
“ ni
cm−3
”“ ne
cm−3
”
ergs cm−3 s−1 , (35)
where ni is the ion number density. For an average metal-
licity Z = 0.3Z⊙, the constants are δ1 = −1.7, δ2 = 0.5,
C1 = 8.6 × 10
−3, C2 = 5.8 × 10
−2 and C3 = 6.3 × 10
−2,
and we can approximate nine = 0.704(ρ/mp)
2, where mp is
the proton mass. We manually truncate the cooling below
a minimum temperature of 0.03 keV, since equation (35) is
only valid for kBT > 0.03 keV (Tozzi & Norman 2001).
In equation (30), F is the heat flux due to electron
conduction,
F = −fκSp∇T , (36)
where f (0 6 f 6 1) is a conductivity reduction factor due
Table 1. List of Simulations.
Run Heating fa ǫb νc
A None N/A N/A N/A
B1 Conduction 0.4 N/A N/A
B2 Conduction 0.8 N/A N/A
B3 Conduction 0.6 N/A N/A
C Conduction, CRd 0.3 0.003 0.3
D1 Conduction, CR 0.1 0.003 0.3
D2 Conduction, CR 0.4 0.003 0.3
E1 Conduction, CR 0.3 0.05 0.3
E2 Conduction, CR 0.3 0.0003 0.3
F1 Conduction, CR 0.3 0.003 0.1
F2 Conduction, CR 0.3 0.003 0.7
F3 Conduction, CR 0.3 0.003 1.5
G1 e Conduction, CR 0.3 0.003 0.3
G2 f Conduction, CR 0.3 0.003 0.3
G3 g Conduction, CR 0.3 0.003 0.3
a Conductivity suppression factor relative to the Spitzer
value.
b Efficiency of cosmic ray injection due to accretion-triggered
AGN activity. See eqs. (18) and (19).
c See eqs. (18) and (19).
d Cosmic-ray heating.
e Runs G1, G2 and G3 are performed to check the dependence
of our model on the CR diffusion coefficient. For run G1, κc
has the form of equation (17) with κ0 = 3× 1027 cm2 s−1.
f For run G2, κc has the form of equation (17) with κ0 =
3× 1029 cm2 s−1.
g For run G3, κc is taken to be constant throughout the clus-
ter: κc = 3× 1028 cm2 s−1.
to magnetic field suppression and κSp is the classical Spitzer
conductivity (Spitzer 1962),
κSp =
1.84 × 10−5
lnλ
T 5/2 ergs s−1 K−7/2 cm−1, (37)
where lnλ ∼ 37 is the usual Coulomb logarithm. For sim-
plicity, here we assume that f is constant throughout the
cluster. In real clusters, heat transport may be much more
complex, depending on the plasma magnetization and tur-
bulence driving. Heat transport through turbulent fluid mo-
tions may also need to be taken into account (see Lazarian
2006). Since at present there is no consensus on the nature
of conductivity in a turbulent magnetized plasma, we adopt
the same assumption of Spitzer conductivity (with a con-
stant suppression factor) that most authors do. We do show
that (unlike others) no fine-tuning of f is necessary in our
models.
4 HYDRODYNAMIC SIMULATIONS
In this section, we follow the long-term evolution of a series
of spherically symmetric cluster models from a state far from
equilibrium to investigate whether the cluster will relax to
a stable quasi-equilibrium state. Basic information for the
set of simulations presented in this paper is listed in Table
1. Our models are intended to be generic, but, for definite-
ness, we choose the cluster A2199 as our fiducial cluster. We
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Figure 2. Time evolution of gas temperature (upper panel) and
mass accretion rate (lower panel) at r = 5 kpc for runs A (solid
line), B1 (short-dashed line), B2 (long-dashed line), and B3 (dot-
ted line). See Table 1 for additional information.
compare the steady-state profiles of electron number density
and temperature with the observational profiles as well.
4.1 Simulation setup
We use the ZEUS-3D hydrodynamic code (Stone & Norman
1992) in its one-dimensional mode; we gratefully acknowl-
edge Mateusz Ruszkowski for supplying us with the modified
version described in RB02, which includes radiative cooling
and thermal conduction. We solve equations (13), (28), (29)
and (30) for our fiducial cluster Abell 2199; in particular,
we have incorporated into ZEUS a background gravitational
potential (eq. [31]), cosmic-ray heating, cosmic-ray pressure
support, cosmic-ray transport and the cosmic-ray energy
equation (eq. [13]). For numerical stability, the conduction
term is integrated using time steps that satisfy the Courant
Figure 3. Final density and temperature profiles after a Hubble
time for runs A (solid line), B1 (short-dashed line), B2 (long-
dashed line), and B3 (dotted line); crosses indicate Chandra data
(Johnstone et al. 2002). None of these models provide an ade-
quate fit to the data.
condition
∆t 6
1
2
Eg(∆r)
2
fκSpT
. (38)
The time steps in our simulation are also chosen to be small
enough to satisfy the Courant conditions required by numer-
ical stability of the cosmic-ray energy equation
∆t 6 min
„
∆r
|u+ vA|
,
(∆r)2
2κc
«
. (39)
Our computational grid extends from rmin = 1 kpc to
rmax = 200 kpc. In order to resolve adequately the inner
regions, we adopt a logarithmically spaced grid in which
(∆r)i+1/(∆r)i = (rmax/rmin)
1/N , where N is the number of
active zones. We performed our main simulation (run C) in
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three different resolutions: N = 100, 200, 400. The results of
these three simulations are quite similar, with virtually iden-
tical results for the second two. Therefore, we are confident
that our simulations are numerically convergent. The stan-
dard resolution of our simulations presented in this paper is
N = 400.
For initial conditions, we assume the ICM to be isother-
mal at T = 4.6 keV, and solve for hydrostatic equilibrium.
We assume that at the outer boundary rmax, ne(rmax) =
0.0015 cm−3, which is close to the value extrapolated
from the observational density profile. We assume that the
cosmic-ray energy density Ec is a very small constant value
throughout the cluster initially. Our results are not sensitive
to this value, which is chosen to be Ec = 3.8×10
−14 ergs s−1
cm−3 in the models presented in the rest of the paper. For
boundary conditions, we assume that the gas is in contact
with a thermal bath of constant temperature and pressure
at the outer radius, where the cooling time exceeds the Hub-
ble time. Thus, we ensure that temperature and density of
the thermal gas at the outer radius are constant.3 We ex-
trapolate all hydrodynamic variables from the active zones
to the ghost zones by allowing them to vary as a linear func-
tion of radius at both the inner and outer boundaries. The
intracluster gas is allowed to flow in and out of active zones
at both the inner and outer boundaries. Cosmic ray injec-
tion by the central AGN is only allowed when the gas at the
inner boundary flows inward.
4.2 The cooling flow model without any heating
To establish a control, our first simulation (run A) follows
the evolution of the ICM under the pure radiative cooling
for a Hubble time tH = H
−1
0 (H0 = 70 km s
−1 Mpc−1). The
evolution is simple. Figure 2 shows the time evolution of the
gas temperature and mass accretion rate at r = 5 kpc. As is
clearly seen, the ICM cools catastrophically (characterized
by a rapid decrease in the central temperature) and finally
reaches a quasi-steady state, where a strong cooling flow
(M˙ ∼ −200 M⊙ yr
−1) is formed. Note that the long-term
evolution of the ICM with a strong cooling flow in our model
may not be accurate: for instance, we neglect the deepening
of the gravitational potential well due to the large mass de-
position at the cluster center by the cooling flow (see Meiksin
1990). But this control establishes a minimal baseline for the
amount of cooling expected if there are no heating sources.
4.3 The model with conduction only
In this subsection, we explore the role of thermal conduc-
tion in the evolution of the ICM. We first performed two
simple simulations with f = 0.4 (run B1) and f = 0.8 (run
B2), following the evolution of the ICM subject to radia-
tive cooling and thermal conduction. The time evolution of
the gas temperature and mass accretion rate at r = 5 kpc is
shown in Figure 2, while Figure 3 shows the final density and
temperature profiles as a function of radius. Agreeing with
Gaetz (1989), run B1 shows that a moderate level of ther-
mal conduction delays the cooling catastrophe and reduces
3 These are the same boundary conditions used by RB02.
the mass accretion rate at the final quasi-steady state. How-
ever, weak conduction cannot suppress the cooling catas-
trophe sufficiently. Even with f = 0.4, the final mass ac-
cretion rate at r = 5 kpc is around M˙ ∼ −70 M⊙ yr
−1
and the final temperature at r = 5 kpc is around 1.1 keV,
which is smaller than the observed value (∼ 2 keV). Inter-
estingly, this value of f = 0.4 is the valued needed to build
an equilibrium model in which conduction balances cooling
(e.g, Zakamska & Narayan (2003)); we have verified this by
building such a model which matches the observed tempera-
ture and density profiles for A2199, and found the eigenvalue
f = 0.43. If one perturbs around the equilibrium state, the
global thermal instability of such models are also claimed to
be dynamically unimportant (the instability growth time is
∼ 2− 5 Gyr; Kim & Narayan 2003a). However, if one starts
far from equilibrium, then evolution toward the equilibrium
profile is not guaranteed. We explore this and related issues
in a forthcoming paper (Guo et al 2007, in preparation).
On the other hand, strong conduction successfully prevents
the cooling catastrophe, just as shown in Figure 2, but the
temperature does not drop significantly toward the cluster
center, in violation of the observed temperature gradient.
Nonetheless, it may be possible to fine-tune the value
of f so that the final state (at t ∼ tH) of the pure conduc-
tion model produces a reasonably good fit to the observa-
tional data. We thus performed a pure conduction simula-
tion with f = 0.6 (run B3), which produced a somewhat
better but still unsatisfactory fit to the data. With sufficient
diligence it might be possible to find a satisfactory model,
but the amount of fine-tuning seems excessive. Clearly, re-
sults depend sensitively on the assumed value of f : if f is
too large, the temperature profile is too close to isothermal;
if it is too low, a strong cooling flow develops. Since nei-
ther nearly isothermal nor strong cooling flow clusters are
observed, if only conduction balances cooling then f must
be restricted to a narrow range. Yet, the value of f required
to explain observed temperature and density profiles profiles
differs from cluster to cluster, and a physical explanation of
how f self-adjusts in each cluster is missing; furthermore, a
significant fraction of observed clusters cannot be fit at all by
conduction only models with f 6 1 (Zakamska & Narayan
2003). By contrast, we find in §4.4 that if a secondary heat-
ing mechanism such as cosmic-ray heating is included, this
fine-tuning problem is eliminated, and a broad range of f
is permissible, with the remainder of the heating being sup-
plied by CR heating in a self-regulating fashion. Note also
from Figure 2 that the ICM in run B3 takes a long time
(comparable to the Hubble time) to reach a steady state.
As we shall see in the next subsection, by including a phys-
ically motivated feedback heating term, the ICM will relax
more quickly to a steady state, which produces a much bet-
ter fit to the observational data as well.
Our conduction model (eq. [36]) in this paper is some-
what idealized. In reality, both electron conduction and tur-
bulent mixing may contribute to heat transport in clusters
(for a comprehensive discussion, see Lazarian 2006). Note
that the turbulent mixing model will probably suffer a simi-
lar fine-tuning problem (fine-tuning of the mixing parameter
may be required, see Kim & Narayan (2003b)).
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Figure 4. Evolution of gas temperature (upper left), electron number density (upper right), cosmic-ray energy density (lower left) and
accretion rate plotted as a function of distance from the cluster center for run C. The cluster relaxes to a quasi-equilibrium state at
t ∼ 0.4tH, except that the mass accretion rate takes slightly longer to adjusts to steady state (M˙ at t = 0.6tH is plotted additionally to
show its steady profile). Crosses in the upper panels indicate Chandra data (Johnstone et al. 2002). The short-long dashed curve in the
lower left panel shows the final gas energy density.
4.4 The model with conduction and cosmic-ray
feedback heating
The main results of this paper are presented in this sub-
section. We consider the evolution of the ICM subject to
radiative cooling, thermal conduction and feedback heating
by cosmic rays. To illustrate our results, we present one rep-
resentative model (run C) with the following parameters:
f = 0.3, ǫ = 0.003, ν = 0.3. We follow cluster evolution
for a Hubble time tH. Figure 4 shows the radial profiles of
gas temperature, electron number density, cosmic-ray energy
density and mass accretion rate for a few time epochs. This
model settles down to a stable steady state at t ∼ 0.4tH.
Figure 5 shows the gas temperature, electron number den-
sity, cosmic-ray energy density and mass accretion rate as a
function of time (in units of the Hubble time) for different
distances from the cluster center r = 5, 10, 20, 40, 80, 160
kpc. In the case of electron number density and cosmic-ray
energy density, the above sequence of r corresponds to the
curves from top to bottom. For the gas temperature, the
trend is the opposite. In the case of accretion rate, the am-
plitude of oscillations increases with r. These oscillations are
caused by sound waves, which propagate across the cluster
as it adjusts to changing boundary conditions (see RB02).
The precise character of these sound waves depends on the
resolution and boundary conditions. After the cluster relaxes
to the quasi-steady state, similar numerical oscillations with
a small amplitude and a short wavelength also appear near
the cluster center, as is readily seen in the time evolution
curves of cosmic ray energy density and mass accretion rate
in Figure 5, as well as spatially in the pressure gradient and
heating terms in Figure 6.
The evolution of the cluster is very similar to that of
RB02, since their AGN feedback heating is also triggered
by the mass accretion. Strong X-ray emission in the cluster
center leads to a gradual decrease in temperature and a slow
increase in gas density, which in turn increases the cooling
and thus increases the accretion rate. Cosmic ray injection
is controlled by the mass accretion rate at the cluster center.
As the CR injection rate increases, the CR heating rate also
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Figure 5. Dependence of gas temperature (upper left), electron number density (upper right), cosmic-ray energy density (lower left)
and accretion rate as a function of time for different distances from the cluster center for run C. See text for additional information.
increases and hence, the cluster does not cool in a runaway
fashion. As can be clearly seen in Figure 5, the slow evolution
of the cluster is followed by a cooling catastrophe at t ∼
0.25tH. Unlike the standard cooling flow models where the
gas cools to very low temperatures and a strong cooling
flow forms, the feedback heating mechanism in our model
suppresses the cooling catastrophe quickly after its onset.
The gas temperature, electron number density and cosmic-
ray energy density then cycle up and down for several times
when the cluster adjusts its mass accretion rate in response
to the relative importance of heating and cooling, and are
stabilized within ∼ 0.1tH. The cluster thus relaxes to a stable
steady state. The evolution of mass accretion rate is similar.
After oscillations through positive and negative values, the
mass accretion rate tends to a small constant negative value.
This value is also approximately constant at all radii, as it
should be for a steady state cluster. In the final state, the
mass accretion rate is about M˙ ∼ −2.3 M⊙ yr
−1, which is
much smaller than accretion rates inferred from the standard
cooling flow models, and consistent with the observed upper
bounds of M˙ ∼< 12M⊙ yr
−1 (Johnstone et al. 2002).
Thus, a cooling catastrophe is averted in our model.
Starting from a state far from equilibrium, the cluster re-
laxes to a sustainable and stable steady quasi-equilibrium
state. In the upper panels of Figure 4, the observational
temperature and electron density profiles (Johnstone et al.
2002) are also shown. As is clearly seen, the final steady state
of our model produces a very good fit to the observational
profiles. In the lower left panel of Figure 4, we also show the
radial profile of thermal energy density in the final state.
In steady state, the ratio of cosmic-ray pressure to thermal
pressure (Pc/Pg) is always less than 0.1 and decreases away
from the cluster center. This is well within upper bounds
in nearby rich clusters of Pc/Pg ∼< 20% (Ensslin et al.
(1997), Virgo and Perseus clusters) and Pc/Pg ∼< 30%
(Pfrommer & Enßlin (2004), Coma cluster).
The upper panel of Figure 6 shows the steady-state ra-
tios of thermal and CR pressure gradients to the gravity.
As is readily seen, the thermal pressure support dominates
over the whole cluster, although cosmic rays provide a small
amount of pressure support in the central regions of the clus-
ter (∼ 0.1ρg in the central ∼ 30 kpc). In the lower panel of
Figure 6, we show the relative importance of various heat-
ing mechanisms in steady state. The heating due to thermal
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Figure 6. Radial profiles of pressure support (upper panel) and
relative importance of various heating mechanisms (lower panel)
in the final state of our main simulation presented in §4.4 (run
C). Note that the short-wavelength oscillations in the curves are
caused by sound waves due to changing boundary conditions. See
text for additional information.
conduction is comparable to the cosmic ray heating, which
is dominated by wave heating through the dissipation of the
hydromagnetic waves, while cosmic-ray collisional heating
is negligible. The volume-integrated cosmic-ray heating rate
amounts to 1.1 × 1044 ergs s−1 in the final state, while the
final X-ray luminosity is 2.3 × 1044 ergs s−1. The volume-
integrated cosmic-ray injection rate in the final steady state
is ∼ 2.4×1044 ergs s−1, where around half of the cosmic-ray
energy is transported to outer regions of the cluster (> 200
kpc) and heats the ICM in those regions. Only a small frac-
tion (∼ 2%) of the CR energy escapes the cluster in the form
of gamma rays and neutrinos.
Our models and results are very robust to the level of
thermal conduction. Runs D1 and D2 follow the evolution
of the cluster with a lower thermal conductivity (f = 0.1)
and a higher thermal conductivity (f = 0.4), respectively.
The steady-state profiles of gas temperature and electron
number density for both runs are very close to those for run
C (f = 0.3). The temperature profiles in the final state for
both runs are shown in Figure 7a. Figures 7b shows the time
evolution of gas temperature at r = 5 kpc. As is clearly seen,
thermal conduction delays the onset of the cooling catas-
trophe and, with a higher level of thermal conduction, the
cluster approaches the steady state later, which agrees with
similar results from the pure conduction models (see § 4.3).
We also run similar simulations with different efficiency
of feedback (run E1 with ǫ = 0.05 and run E2 with ǫ =
0.0003). As shown in Figure 7b, the cooling catastrophe hap-
pens at almost the same time (∼ 0.25tH). However, with
higher efficiency, the cooling catastrophe is more strongly
suppressed and the final mass accretion rate is more re-
duced. For the very low efficiency ǫ = 0.0003, the cooling
catastrophe is less suppressed and the gas at inner radii can
cool to lower temperatures and higher densities in the final
steady state, as clearly seen in Figure 7a. The final mass ac-
cretion rate in this low-efficiency model is about M˙ ∼ −19
M⊙ yr
−1, which is still much smaller than accretion rates
in standard cooling flow models, and marginally consistent
with the rough observational bound of M˙ ∼< 12M⊙ yr
−1
(Johnstone et al. 2002).
Our models are also very robust to the value of ν, which
determines the spatial distribution of cosmic-ray injection
into the ICM. Runs F1 and F2 follow the evolution of the
cluster with a lower value (ν = 0.1) and a higher value
(ν = 0.7) of ν, respectively. The cluster relaxes to steady
state at almost the same time as run C (ν = 0.3); the steady-
state profiles of gas temperature and density are also very
similar to those for run C. Figure 8 shows the steady-state
radial profiles of gas temperature and ratio of cosmic-ray
heating rate (Γcr = Γwave+Γcoll) to gas cooling rate for these
runs. As is readily seen, for higher values of ν, the cosmic
ray injection is more centrally localized, and so is the cos-
mic ray heating. The resulting steady state mass accretion
rate decreases with ν (M˙ ∼ −6.6, −2.3 and −1.0 M⊙ yr
−1
for runs F1, C and F2, respectively). With a combination
of cosmic ray heating and thermal conduction, our model
produces a reasonably good fit to observation for a broad
range of ν. Note that for ν ∼< 0.1, the PdV work during the
bubble expansion dominates over the CR injection (see Fig.
1) and thus becomes the main mechanism transferring the
AGN mechanical energy into the thermal energy of the ICM.
We also run a simulation (run F3) with a very high value of
ν (ν = 1.5), where the cosmic rays are essentially dispersed
into the ICM at the cluster center. As shown in Figure 8,
the cosmic rays are unable to directly heat the ICM at large
radii and the cluster suffers a cooling catastrophe at r ∼ 4
kpc at t ∼ 0.3tH. The appropriate value of ν depends on the
bubble disruption rate and is fairly uncertain (see discussion
in §2.3). However, a very high value of ν seems unlikely since
bubbles are observed to survive out to large projected radii.
Recent studies (Chandran 2005; Chandran & Dennis
2006) suggest that the cosmic ray pressure gradient may
drive convection, if the convective instability criterion
µe
µ
nekB
dT
dr
< −
dPc
dr
(40)
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Figure 7. (a) Radial profile and (b) time evolution of gas temperature at r = 5 kpc for runs C (solid line), D1 (dot-dashed line), D2
(dotted line), E1 (short-dashed line), and E2 (long-dashed line). See Table 1 for additional information.
is satisfied. In cluster cores, a strong negative cosmic ray
pressure gradient is required to drive convection, since the
gas temperature increases away from the cluster center.
When ν is higher, the distribution of cosmic ray injection
is more centrally peaked, and thus the resulting cosmic-ray
pressure gradient is more negative. We checked the convec-
tive instability criterion (eq. [40]) for runs F1 (ν = 0.1),
C (ν = 0.3), and F2 (ν = 0.7), and found that the clus-
ter is always convectively stable during the simulations. In
the steady state configuration of our main model (run C),
we find that the ratio of the left-hand side to the right-hand
side of equation (40) is ∼ 5−10. For run F3 (ν = 1.5), where
cosmic rays are mainly dispersed into the ICM at the clus-
ter center, the instability criterion (eq. [40]) is easily met at
the cluster center at the very beginning of the simulation,
suggesting that the cluster becomes convectively unstable
long before the onset of the cooling catastrophe. Convection
driven by the cosmic-ray pressure gradient thus provides
an alternative means for heating the ICM and generating
the needed magnetic turbulence in cluster cores (Chandran
2005), which is obviously beyond the scope of this paper.
The CR diffusion coefficient, κc, in galaxy clusters is
fairly unclear. To check the dependence of our model on
it, we performed three additional simulations with different
radial profiles of κc, which has the form of equation (17)
with κ0 = 3 × 10
27 cm2 s−1 and 3 × 1029 cm2 s−1 for runs
G1 and G2 respectively. For run G3, κc is taken to be con-
stant throughout the cluster: κc = 3 × 10
28 cm2 s−1. The
steady-state profiles of the contribution of cosmic ray diffu-
sion, Fdiff = −κc(∂Ec/∂r), to CR transport for these runs
are very different, as shown in the upper panel of Figure
9. The middle and lower panels show the steady-state pro-
files of CR energy density and gas temperature. These runs
demonstrate that the evolution of the ICM is very insensi-
tive to the radial profiles of κc. This is due to the fact that
the cosmic-ray diffusion time is much longer than the gas
cooling time (see § 2.3). In our model, the distribution of
the cosmic rays in the cluster is mainly determined by the
spatial distribution of CR injection into the ICM from the
Figure 8. Radial profiles of gas temperature (upper panel) and
ratio of cosmic-ray heating rate to gas cooling rate (lower panel)
for runs C, F1, F2, and F3. The curves for runs C, F1 and F2
are plotted at t = 0.4tH, when the cluster has relaxed to steady
state. For run F3, the curve in the lower panel is plotted at
t = 0.25tH, which shows clearly that the cosmic-ray heating is
centrally peaked, resulting in insufficient heating in the outer re-
gions of the cluster and thus leading to a cooling catastrophe
at r ∼ 4 kpc as shown in the temperature profile (upper panel)
plotted at t = 0.3tH.
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Figure 9. Radial profiles of the contribution of cosmic-ray diffu-
sion to CR energy flux (upper panel), cosmic-ray energy density
(middle panel), and gas temperature (lower panel) for runs C,
G1, G2, and G3 at t = 0.4tH, when the cluster has relaxed to
steady state. Note that the cluster relaxes to almost the same
steady-state temperature profiles at almost the same time for
these runs, which assume different radial profiles for κc. See Table
1 for additional information.
rising bubbles (see § 2.3). Note that the diffusion is also usu-
ally subdominant with respect to the cosmic ray advection.
The steady-state ratio of diffusion to advection for run C
is ∼< 0.1 in the central ∼ 10 kpc and becomes negligible
(∼ 0.03) in the outer regions; run G2 is an extreme case
where the CR diffusion becomes comparable to the advec-
tion (see Figure 9).
5 CONCLUSIONS
Awareness of the significant role cosmic rays could play in
shaping the thermal and dynamical state of gas in galaxy
clusters has been growing in recent years. Observations of
diffuse radio synchrotron radiation from galaxy clusters im-
ply that strong sources of non-thermal particles are indeed
present. At the same time, recent studies show that ac-
tive galactic nuclei inflate buoyant bubbles containing non-
thermal radio emitting particles and could potentially play
a central role in suppressing the cooling flows in cool core
clusters. Many studies have focused on the potential dynam-
ical effects of cosmic ray pressure support, but none have
built successful models in which cosmic-ray heating is sign-
ficant. In this paper, we propose a new model of AGN feed-
back heating, in which cosmic rays produced by accretion-
triggered AGN activity heat the ICM efficiently, with only
a small dynamical perturbation on the ICM.
In our model, the cosmic rays are injected into the ICM
mainly from the rising bubbles generated by central AGN
activity, which is treated in a time-averaged sense. We as-
sume that the cosmic rays are injected into the ICM instan-
taneously and neglect any time delay between central AGN
activity and the cosmic ray injection. Such time-averaging is
justifiable because the AGN duty cycle is much shorter than
the gas cooling time. The cosmic rays then stream along
the magnetic field lines in the ICM. Due to the cosmic ray
streaming instability, Alfve´n waves propagating nearly in
the direction of the CR streaming are excited and scatter
the cosmic rays in pitch angle. These waves grow exponen-
tially until dissipated by nonlinear Landau damping, and
thus heat the ICM efficiently. We note that the cosmic ray
streaming may also depend on the details of the CR scatter-
ing by the small-scale MHD turbulence in the ICM, which is
still poorly understood (see § 2.1.1). Here only Alfve´n waves
self-excited by the cosmic-ray streaming instability are con-
sidered.
We have performed a set of one-dimensional numeri-
cal simulations of the ICM, which is subject to radiative
cooling, thermal conduction and cosmic ray heating. If only
thermal conduction operates, extreme fine-tuning of the con-
duction suppression factor f is required: if f is too low, then
a strong cooling flow develops. If f is too high, the tem-
perature profile becomes nearly isothermal, in contrast to
observations where the temperature invariably declines to-
ward the cluster center. On the other hand, once cosmic
ray heating is including, our results are very robust to the
level of thermal conduction: the reduced cooling flow in our
new model automatically adjusts itself to some low value
of the mass accretion rate, which is mainly determined by
the value of efficiency ǫ in equation (18). Furthermore, un-
like the conduction-only case, the conduction+CR heating
case rapidly equilibrates toward a steady-state solution. For
a representative model (run C), the ICM relaxes to a stable
quasi-equilibrium state which is a very good fit to the ob-
served gas temperature and density profiles. The cosmic-ray
pressure in steady state is much less than the gas pressure
(Pc . 0.1Pg), while ∇Pc ∼< 0.1ρg in the central ∼ 30 kpc
and becomes negligible in the outer regions, all well within
observational constraints.
Thus, cosmic-ray heating models are a very at-
tractive alternative to mechanical heating models
(e.g. Bru¨ggen & Kaiser 2002; Ruszkowski et al. 2004;
Vernaleo & Reynolds 2006; Reynolds et al. 2005) in which
the ICM is heated by the pdV work of the expanding
bubbles, viscous dissipation of emitted sound waves or
mixing of the hot bubble plasma with the ICM. The
detailed microphysics of how the latter processes take place
has not been hammered out in detail, leaving a good deal
of uncertainty; a definitive explanation for how energy
is transported from the observed bubbles to the ICM in
a distributed and isotropic fashion is still outstanding.
Which is not to say that the cosmic-ray heating model
presented here does not suffer from similar uncertainties:
the details of how cosmic rays leak from the bubbles,
and/or the rate at which bubbles are disrupted, are all
highly uncertain. Nonetheless, the results presented here
suggest that more detailed studies of cosmic-ray heating
c© 0000 RAS, MNRAS 000, 000–000
16 F. Guo and S. P. Oh
in fully 3D, cosmological simulations (e.g., the simulations
of Jubelgas et al. (2006); Pfrommer et al. (2006) where
most of the relevant cosmic-ray physics is already included)
are warranted. At the same time, elucidating the details
of bubble disruption/cosmic-ray diffusion would be very
useful in determining whether cosmic-rays or mechanical
processses provide a more efficient means of transporting
heat from the bubble to the ICM.
All of these issues may assume great urgency if GLAST
detects the γ-ray signature from the decay of neutral pi-
ons produced when cosmic rays collide with ICM nucleons.
For the particular model of A2199 (redshift z = 0.0309;
Johnstone et al. (2002)) presented here (run C), and as-
suming that ∼ 1/3 of hadronic losses go toward produc-
ing neutral pions and hence gamma-rays, we find a steady-
state gamma-ray flux of ∼ 9.4 × 10−13erg s−1 cm−2, which
varies up to a factor of ∼ 2 − 3 for other runs, depending
on the model parameters, and should be a ∼ 3σ detection
for GLAST. Since AGN activities in real clusters are likely
episodic, we note that this value may be viewed as a time-
averaged estimate and the real γ-ray flux may be somewhat
different, depending on the AGN duty cycle and the cosmic-
ray injection rate (the maximum value of γ-ray flux dur-
ing the cluster evolution in our main simulation (run C) is
around twice greater than that in the final steady state).
For fainter clusters, it should be possible to stack signals to
provide a population-averaged limit (Ando & Nagai 2007).
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APPENDIX A: THE TIME-DEPENDENT
COSMIC-RAY EQUATIONS
In this Appendix, we derive the time-dependent energy
equation for the cosmic rays in a background magnetized
plasma (also see MacKenzie & Voelk (1982); Ko (1991)).
When the cosmic rays are streaming along the magnetic field
lines at a speed faster than the local Alfve´n speed, they ex-
cite hydromagnetic waves (e.g., Alfve´n waves) by the cosmic-
ray streaming instability (Lerche 1967; Kulsrud & Pearce
1969). The cosmic rays are then scattered in pitch an-
gle and confined by these waves (see Skilling 1971), for
which we only consider forward Alfve´n waves propagat-
ing nearly parallel to the background magnetic field in
the direction of the local cosmic-ray streaming (backward
Alfve´n waves are damped; see Kulsrud (2005), Lerche
(1967), Kulsrud & Pearce (1969)). Including a net particle
source function Q (other than compression or expansion),
the cosmic-ray transport equation may be written as (e.g.
Skilling 1971, 1975a)
∂fp
∂t
+ (u + vA) · ∇fp =∇ · (κpnn ·∇ fp)
+
1
3
p
∂fp
∂p
∇· (u + vA) +Q, (A1)
where fp(x, p, t) is the isotropic part (in momentum) of the
cosmic-ray phase space distribution function, ∇ ≡ ∂/∂x,
u is the velocity of the background plasma, vA is the local
Alfve´n velocity, n = vA/vA is a unit vector along the local
magnetic field, and κp is the diffusion coefficient given by
κp(x, p) = v
2
fi
1− µ2
2ν(x, p, µ)
fl
=
v2
4
Z +1
−1
1− µ2
ν(x, p, µ)
dµ, (A2)
where v = p[1+p2/(m2c2)]−1/2/m is the cosmic-ray particle
speed, µ = p · n/p is the pitch-angle cosine and ν(x, p, µ)
is the frequency of pitch angle scattering of cosmic rays by
hydromagnetic waves. The diffusion term in equation (A1),
∇·(κpnn ·∇ fp), shows that the diffusion follows the mag-
netic field lines.
From equation (A1), one can easily derive
∂fp
∂t
+∇·S −Q+
1
3p2
∂
∂p
[p3(u + vA) ·∇ fp] = 0, (A3)
where we have defined the particle current (e.g. Vo¨lk 1983;
Webb & Gleeson 1979)
S = (u+vA)fp−κpnn·∇fp−
1
3p2
(u+vA)
∂
∂p
(p3fp). (A4)
Integration of equation (A3) over all particle momenta re-
sults in the equation for the number density of cosmic rays
(defined as nCR =
R∞
0
fp4πp
2dp)
∂nCR
∂t
+∇·
„Z ∞
0
4πp2Sdp
«
−
Z ∞
0
4πp2Qdp = 0. (A5)
To derive the energy equation for cosmic rays, we define
three macroscopic quantities: the cosmic-ray pressure Pc, the
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cosmic-ray energy density Ec and the cosmic-ray energy flux
F c as the following moments of fp and S:
Pc =
4π
3
Z ∞
0
vp3fpdp (A6)
Ec = 4π
Z ∞
0
p2Tpfpdp (A7)
F c = 4π
Z ∞
0
p2TpSdp, (A8)
where Tp(p) is the kinetic energy of a cosmic-ray particle
with momentum p and mass m,
Tp(p) =
»„
1 +
p2
m2c2
«1/2
− 1
–
mc2. (A9)
By taking the appropriate moments of equations (A1)
and (A4) and using the definitions in equations (A6), (A7)
and (A8), we obtain
F c = (Ec + Pc)(u + vA)− nκc(n · ∇Ec), (A10)
∂Ec
∂t
= (u + vA) ·∇ Pc −∇ · F c + Q¯, (A11)
where κc(x) represents an effective diffusion coefficient
κc(x) =
R∞
0
p2Tpκp(x, p)(n · ∇fp)dpR∞
0
p2Tp(n · ∇fp)dp
, (A12)
and Q¯ is the net source of mean kinetic energy density of
cosmic rays
Q¯ = 4π
Z ∞
0
p2TpQdp. (A13)
The fist term in the right-hand side of equation (A11) rep-
resents the energy-loss rate of cosmic rays due to the work
of cosmic-ray pressure gradient on the background plasma
(u · ∇Pc) and the generation of Alfve´n waves (vA ·∇Pc, see
MacKenzie & Voelk (1982)).
Assuming that cosmic rays are ultra-relativistic (v ≈ c),
from equations (A6) and (A7), we find Pc = (γc − 1)Ec,
where γc = 4/3 is the adiabatic index for the cosmic rays
(γc = 5/3 for non-relativistic particles). From equations
(A10) and (A11), we thus obtain the time-dependent cosmic-
ray equations
F c = γcEc(u + vA)− nκc(n · ∇Ec), (A14)
∂Ec
∂t
= (γc − 1)(u + vA) ·∇ Ec −∇ · F c + Q¯. (A15)
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